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Abstract 

We show that the matrix-model action for noncommutative U (n) gauge theory 
actually describes SU{n) gauge theory coupled to gravity. This is elaborated 
in the 4-dimensional case. The SU (n) gauge fields as well as additional scalar 
fields couple to an effective metric Gah^ which is determined by a dynamical 
Poisson structure. The emergent gravity is intimately related to noncommu- 
tativity, encoding those degrees of freedom which are usually interpreted as 
U{1) gauge fields. This leads to a class of metrics which contains the physi- 
cal degrees of freedom of gravitational waves, and allows to recover e.g. the 
Newtonian limit with arbitrary mass distribution. It also suggests a consistent 
picture of UV/IR mixing in terms of an induced gravity action. This should 
provide a suitable framework for quantizing gravity. 
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1 Introduction 



It is generally accepted that the classical concepts of space and time will break down at 
the Planck scale, where quantum fluctuations of space-time due to the interplay between 
gravity and quantum mechanics become important. One way to approach this problem is 
to replace classical space-time by some kind of quantum space, incorporating space-time 
uncertainty relations such as those obtained in [1]. This leads to noncommutative (NC) 
field theory, where some fixed NC space is assumed; for basic reviews see e.g. [2]. 



After considerable progress in the understanding of field theory on "fixed" NC or quan- 
tum spaces, it is of fundamental importance to understand how a dynamical quantum space 
in the spirit of general relativity can be incorporated in such a framework. If noncommu- 
tativc spaces are related to quantum gravity, the incorporation of gravity should be simple 
and natural. Furthermore, one should take into account the lessons from string theory, 
which provides a realization of quantum spaces as D-branes in a nontrivial 5-field back- 
ground [3], and points to a relation with gravity [4-11]. While several formulations of NC 
gravity have been proposed by deforming various formulations of general relativity [17-25], 
a simple and compelling mechanism would be very desirable. 

To identify this mechanism, it is helpful to reconsider gauge theories. There is a very 
simple and natural formulation of u(?7.) NC gauge theory in terms of matrix models, typi- 
cally of the form S = Tr[X"', X''] [X"-, X^] + ... . Such actions describes gauge theory on the 
quantum plane Mg. Similar actions arise in the context of string theory, such as the IKKT 
model [7] . The dynamical objects are matrices resp. operators X" — ¥"■ + A"- G u{n) 
("covariant coordinates"), where generates the algebra of functions A = LCH) on some 
NC space. The central observation is that the fluctuations A"' & A of the covariant coordi- 
nates can be interpreted as u(n)-valued gauge fields on the NC space. These considerations 
become more rigorous for compact quantum spaces such as CP^ or Sjf x Sj^, which are 
described by finite matrix models of similar type [26,27]. 

Even though this realization of gauge fields is very appealing, it is nevertheless strange: 
fluctuations of NC coordinates ought to describe fiuctuations of the geometry, rather than 
gauge fields. This is particularly compelling for gauge theory "on" fuzzy spaces such as 
CP^ or Sjf X S'jf, where the geometry of the space is indeed dynamical and given by the 
minimum {X"") = Y"' of an appropriate matrix model. This strongly hints at an implicit 
gravity sector. There is also strong evidence for the presence of gravity in the IKKT matrix 
model of type IIB string theory [7-11], and even for a D=4 compactification thereof [9, 11] 
which can be viewed as a supersymmetric version of the model which will be studied here. 
Further striking parallels between gravity and NC gauge theory include the absence of local 
observablcs, and the implementation of translations as gauge transformations. Finally, 
the u(l) sector of D=4 noncommutative gauge theory is afflicted by the infamous UV/IR 
mixing [28-30], leading to a behavior which is very different from electrodynamics. 

We show in this paper that the matrix model formulation of NC gauge theory in 4 
dimensions does in fact contain gravity. More precisely, it should be interpreted as su{n) 
gauge theory coupled to gravity, with dynamical geometry determined by u(l) components 
of the covariant coordinates X"-. This solves at the same time a long-standing problem how 
to define NC su(n) gauge theory: It has been known that the u(l) sector of NC gauge theory 
cannot be disentangled from the 5u(n) sector in any obvious way. Here we understand this 
fact as the coupling of the su(n) gauge fields to gravity. 

One may wonder how it is possible that nontrivial geometries arise from what is usually 
interpreted as u(l) gauge fields. The answer is quite simple: the effective geometry is 
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determined by the metric G"* = —9"-'^{y)6'"^{y)gcd, where 6"-^{y) = 9 + F°-''{y) is the 
dynamical Poisson tensor which is usually split into background NC space and u(l) field 
strength, for gab = Sab resp. gab = Vab in the Euclidean resp. Minkowski case. While such 
metrics do not reproduce the most general geometries, they do contain the physical degrees 
of freedom of gravitational waves, and allow to obtain e.g. the Newtonian limit. Therefore 
this provide a physically viable class of geometries for gravity. 

The observation that gravity can arises from NC gauge theory is not new. In particular, 
Rivelles [31] found a linearized version of the same effective metric coupling to scalar fields 
on Mg, without addressing however nonabelian gauge fields. The idea that NC u(l) gauge 
theory should be viewed as gravity was put forward explicitly in [32, 33] from the string 
theory point of view. We establish this mechanism in detail based on a very simple and 
explicit matrix model, and clarify the associated geometry. 

The basic message is that gravity is already contained in the simplest matrix models 
of NC gauge theory. There is no need to invoke any new ideas. This striking mechanism 
takes advantage of noncommutativity in an essential way, and has no commutative analog. 
Furthermore, the quantization of matrix models is naturally defined by integrating over 
the space of matrices. We will argue that this induces the action for gravity in the spirit 
of [34], which suggests a natural role of UV/IR mixing. However, the vacuum equations 
Rab ~ are obtained even at tree level. While some freedom remains for modification 
of the action (in particular extra dimensions), the resulting gravity theory appears to be 
quite rigid. It is different from general relativity but consistent with the Newtonian limit. 
Moreover, some post-Newtonian corrections of general relativity appear to be reproduced, 
however a more detailed analysis is required. While no final judgment can be made here 
concerning the physics, simplicity and naturalness certainly support this mechanism. 

The results of this paper should also shed new light on gravity in the IKKT model, in 
the presence of a noncommutative D-brane. While this model is expected to contain gravity 
due to its relation with string theory, an explicit identification of nontrivial geometries has 
proved to be difficult [12,13]. This is discussed in section |. 

The outline of this paper is as follows. We first explain the separation of the covariant 
coordinates in geometric and gauge degrees of freedom, which is the essential step of our 
approach. This leads to a dynamical theory of Poisson manifolds, to which we associate 
in section |^ an effective metric. In section ^.1| we establish that this metric indeed governs 
the low-energy behavior of both scalar and gauge fields. The technical details for the gauge 
fields are lengthy and delegated to Appendix A. Section | elaborates to some extent the 
physical content of the emerging gravity theory, in particular the induced Einstein-Hilbert- 
like action, UV/IR mixing, gravitational waves, the Newtonian limit and few examples. 
We conclude with discussion and outlook. 
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2 Gauge fields and Poisson geometry 



Consider the following matrix model action for noncommutative gauge theory in 4 dimen- 
sions 

Sym = -Tr[X'',X''][X^\x''']gaa'gw, (1) 

for 

gaa' = Saa' OT Qaa' = Vaa' (2) 

in the Euclidean resp. Minkowski case. Here the "covariant coordinates" X°- are hermitian 
matrices or operators acting on some Hilbert space Ti. The basic symmetries of this action 
are the gauge symmetry 

X" ^ UX^U-^ U e U{K) (3) 

where W(7Y) are the unitary operators on Ti, translational invariance X°' — > X°' + c"' for c"" G 
M, and global S0{4) resp. S'0(3, 1) invariance. The more conventional action Tr([X", X^] — 
9 Y for Mi [35] differs from (|lD only by a constant shift and a topological or boundary term 

of the form Tr[X"' , X^] 6'"*. We consider (||) to avoid introducing the constant tensor 9°^ 
at this point, thereby stressing background- independence. This is also the type of action 
which is typically found in the context of string theory [3,7]. The equations of motion are 

[X\[X-\x'']]gaa'=Q. (4) 
A particular solution is given by X"" = , where the Y"^ satisfy the commutation relations 

[Y\y']=T\ (5) 

These generate the algebra A = of functions on the Moyal-Weyl quantum plane. Here 

6'"'' is assumed to be constant and non-degenerate, and the have the standard Hilbert- 
space representations. To avoid cluttering the formulas with i we adopt the convention 
that 9"-'^ is purely imaginary, and similarly for the field strength Fab etc. below. Another 
solution is given by X" = Y ® In, which will lead to u(n) gauge theoryQ. 

In this paper, we will focus on configurations (which need not be solutions of the e.o.m.) 
which are close to the "vacuum" solution X" = Y ® 11„. This will lead to noncommutative 
u{n) gauge theory, or rather su{n) gauge theory coupled to gravity. Hence consider small 
fluctuations of the form 

X" = F" ® 11„ + A^iY) (6) 

with A'^iY) e A(S)Mn{C). We will replace f(Y) f{y) whenever f(Y) e A can be well 
approximated by a classical function f{y). In the conventional interpretation, A"'{Y) = 
Aq{Y) ®ln + A'^{Y) is viewed as u(n)-valued gauge field, where Tq, are a basis of su(n). 

^the rank n of therefore not determined by the matrix model but by the choice of vacuum solution. If 
desired, n can be controlled at least in the Euclidean case by compactifying the space and considering e.g. 
fuzzy 5*^ X 5*^ or CP^ [26] , where H is finite-dimensional. 
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Here we will adopt a different approach, separating the trace- u(l) part (i.e. the coefficient 
of 1„) and the remaining nonabelian part as follows: 

X-= F«ll„ + ^"(y) =Y''\ + AI{Y)t^ . (7) 

Here 

= + A^oiY) (8) 

contains the full trace-u(l) component, and will be interpreted as generators of a NC space 
Aie with general noncommutativity 

[y^y''] = ^e^'^y). (9) 

The other, nonabelian components A'^{Y) will be considered as functions of the coordinate 
generators Y"- resp. y"'. 

The essential point is the following: what is usually interpreted as "abelian gauge field" 
is understood here as fluctuation of the quantum space, which determines a Poisson 
structure 6°'''{y) and eventually a metric G'^^{y) (|T^. The remaining "nonabelian" A^{y) 
describe 3u(n)-valued gauge field. The well-known fact that the u(l) and su{n) components 
cannot be completely disentangled in NC gauge theory will be understood here as coupling 
of the su(n) gauge fields to gravity. 

The physical reason why the splitting of u(l) and s\x{n) components is appropriate 
will be seen by considering gauge- invariant actions such as or (p!3D. The reason is that 
the kinetic term in the underlying matrix-model action always involves the induced metric 
G""^ identified below. This universal coupling to a metric G""^ is strongly suggestive of 
gravity. This is based on the observation that in the framework of matrix models, all fields 
must be in the adjoint in order to acquire a kinetic term. However, other types of matter 
and low-energy gauge fields close to those required for the standard model can arise after 
spontaneous symmetry breaking, see e.g. [36]. 



Semi-classical limit: Poisson manifolds. We want to understand the geometrical 
significance of the various configurations (|]). The emerging picture is that the u(l) sector 
of the matrix model describes a dynamical theory of Poisson manifolds. 

Consider generators of A satisfying (^, and assume that 0°-^{Y) is "close" to a 
smooth Poisson structure 6°-^{y). This defines a (local) Poisson manifold {M., 6"'^{y)) whose 
quantization is given by Y"". Conversely, using a general result of Kontsevich [37] we 
can quantize essentially any Poisson structure^ at least locally via such Y"-. To make this 
mathematically more precise, the concept of a star-product is useful. Given an isomorphism 
of vector spaces 

C{M)^A (10) 

^we ignore the distinction between formal and convergent star products here. 
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where C{A4) denotes the space of functions on A4, one can define via pull-back a "star 
product" on C{A4). Assuming that this star product has a meaningful expansion in powers 
of 9, the commutator of 2 elements in A reduces to the Poisson bracket of the classical 
functions on M. to leading order in 6. More precisely, using a suitable change of variables 
one can choose the star product (e.g. by taking the one given in [37]) such that 

[f,g]=^{f,g} +0(9') = 9^\y) daU) d,{g) + 0{9') (11) 

to 0{9^). This will be important below in order to extract the semiclassical limit. In 
particular, this implies 

[y^ f{Y)] = 2{y% fiy)} + 0{9') = 9^\y) d,f{y) + 0(9') . (12) 

where denotes the pull-back of y". 



3 Effective Metric 

We now show how a dynamical metric arises naturally from matrix model actions. The 
basic mechanism is seen most easily for scalar fields. 

Scalar fields In the framework of matrix models, the only possibility to obtain kinetic 
terms is through commutators [X"", $] ~ 9°'^{y)dh^ + [^", Therefore only fields in the 
adjoint are admissible, with action 

S[^ = -Trgaa'[X^,mX-\^. (13) 

In a configuration as in (|^ with nontrivial background Y"- and su(n)-valued fiuctuations 

= y"® 11„ + ^"(F), (14) 

we can obtain the commutative limit using the naive change of variables 

A' = 9''\y)A, (15) 

where Aa is antihermitian. The action then takes the form 

^ -Tr r^(2/) 9'^'%y)gaa' {d,^ + [A, m^c^ + $]) 

= TrG''\y)Da<^D,<^ (16) 

to leading order, defining the effective metric 

G'^\y) = -9^'^{y)9'\y)g^ (17) 

where g^d is the background metric (H) and Da = da + [Aa, .]. 
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Some remarks are in order. We will show below that the naive substitution (^) is 
sufficient here and ([T6|) is indeed the correct classical limit. An infinitesimal version of (|T7|) 
was already obtained in [31] up to a trace contribution, which is explained in section [4.1| . 
Furthermore, observe that 

el{y) := -ie^\y)gcb (18) 

can be interpreted as vielbein; this is consistent with the expression ( p!7[ ) for the metric 
G""^ . The antisymmetry of 6°'^{y) refiects the choice of a special "gauge" in comparison 
with the standard formulation of general relativity. Note that is nondegenerate if and 
only if the Poisson tensor 0"'^{y) is non-degenerate. In this paper we assume that 6°'^{y) 
is non-degenerate, even though degenerate cases are possible and are expected to be very 
interesting. Finally, the effective metric C^^ determines in particular the spectrum of the 
Laplacian acting on this will become important in section 

Nonabelian gauge fields. Now consider the commutator [X'^jX''] in the nonabelian 
case, for the same background. Using (0), we have 

[X^ X^] = \ + J'"'\Y) (19) 

where 

jrab ^ [Y^^A^]-[Y\A''] + [A\A^] (20) 

is the noncommutative field strength. Our aim is to obtain the classical limit of the action 
(H), and to show that it can be interpreted as an ordinary gauge field coupled to the effective 
metric G""^ . To develop some intuition, we first give a naive, incomplete argument before 
embarking into the correct but less transparent Seiberg-Witten expansion. 

Naive analysis Let us try the naiveQ change of variables (0) which for constant O""^ 
correctly leads to the classical limit. Using ([12|) , we would obtain 

•F"" = e'''{y)e'\y)J^,, (21) 

where 

J'ab ~ dMy) - dbAa{y) + [AM, Mv)] + 0{e-^d9) + o{e) (22) 

where 0(9^^89) stands for terms of the type 9'^J[9'^^ , Aa]. These are small as long as 

9-^d9<^dAa, (23) 

i.e. if the variations of 9°'''{y) resp. G"'' are much slower than those of the gauge fields Ac. 
One can then interpret Tabiy) as gauge field strength, which certainly holds for constant 9""^ . 

^replacing this with the shghtly less-naive A"" = ^{d'^''{y), Aa} does not solve the problem 



6 



Note also that the leading term of Tab takes values in su(ri), but there are u(l) contributions 
of order Q due to e.g. {^A"" ,J^^. Neglecting these, we would have 

and the action would be 

= Tr{G''\y)ga,-G''{y)G'"'\y):F,a{y):FMy)) (24) 

in the semi-classical limit. This suggests that the nonabelian gauge fields are indeed coupled 
as expected to the open-string metric G"'^. However, we need a more sophisticated analysis 
using the Seiberg-Witten map to establish this, because the neglected terms in ( ^2]) are of 
the same order as the coupling to the gravitational fields i.e. the connection, and the u(l) 
terms in j^",^''} do in fact contribute at the leading order. This is reflected by the fact 
that J^ab is not gauge invariant in the commutative limit unless O""^ = const. 

Relation with string theory. Our effective metric G"'^ ([T7|) is strongly reminiscent of 
the "open string metric" on noncommutative D-branes in a S-field background [3], in the 
Seiberg-Witten decoupling limit a' — >• 0. Our background metric Qab can then be interpreted 
as "closed string metric" of the embedding space. However, the 9'^^{y) which enters our 
metric G""^ is non-constant and determined by the full u(l) part of = S + JF on the 
brane, unlike in [3]. This should be related to the symmetry A ^ A + K, B B — dK in 
the context of string theory as pointed out in [32,33], where the different role of the u(l) 
and the su(t2,) sectors was ignored however. We will see below that G"'' is also the effective 
metric for the su(n) YM-action. 

3.1 Effective gauge theory and Seiberg-Witten map 

In this section, we implement the separation (|^ of the X"- in NC background and su(t2,) 
gauge fields, and carefully determine the classical limit of the action (|l]). The su(?7,)-valued 
components of A"" will be expressed using a Seiberg-Witten map in terms of classical 5xi{n)- 
valued gauge fields Aa, on a noncommutative background 6°'^{ii) determined by the u(l) 
components Y"". The latter eat up the "would-be u(l) gauge fields" and determine the 
metric G°'''{y). Thus the full u(l) sector determines the dynamical NC parameter 6°'^{y) 
and the geometry G"^, while the nonabelian su(t2,) fields are expanded to leading order in 
6°'''{y) and couple to G""^. This analysis is surprisingly involved. 

Let us rewrite the nonabelian gauge fields A'^ = A'^{Aa) in terms of classical antiher- 
mitian 5u(n)-valued gauge fields Aa using the Seiberg-Witten mapQ [3], dropping the index 

''The Seiberg-Witten map is used simply as a change of the field coordinates. It does not imply that 
we work in the framework of star-products. The non-hermitean version is used here for brevity, which is 
easily made hermitian. 
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a from now on. The classical gauge fields transform under su(n) gauge transformations as 
b,iAa = -idaX + i[X, Aa] = -idaX + ^[A, t"] . (25) 
The appropriate SW-map for general 6°'^{y) is given by [38] 

=: r% + AV2 +0{9'') (26) 

and satisfies 

S^iX") = i[A, Y" + A"] = SciA" (27) 
with the NC gauge parameter 

A = X + ^e''\daX)Ah. (28) 

This means that the action (|l|) expressed in terms of Aa is invariant under the classical 
3u{n) gauge transformations acting on Aa- This in turn implies that the action can be 
written as a function of the ordinary su(n) field strength 

pab ._ QacQhdp^^ ^ e^'^[Y\ Ad] - e'"'[Y\ A^] + Ad] + o{e^) 

Fab := daAh-dbA, + [A,,Ah] (29) 

In this section, we adopt the convention that indices are raised and lowered with 9"''^ rather 
than a metric, e.g. A"" := 9°'^Ai, etc. Note that it is Fah rather than J^""^ which has the 
correct classical limit as a 2-form for general 9"'^{y), and the classical limit can only be 
understood correctly in terms of Fab- The reader not interested in technical details can 
jump to the resulting action (^). 



Contribution to the action. We want to obtain the classical limit of the action (|l|) 

S = -Tr{T"'^T''^ + 29''^ J^""^ + q^^q^^~^ 

in terms of the A^ or Fah- This requires keeping all terms of order 0[9'^\ The NC field 
strength is 

jrah ^ ^\A^]-^\A^]^\A\J^] 

= [F^AV[^^^1 + [^^^1+•^w,2 + o(e") (3o) 

where 

SW,2 — [J: -\- ^ i^SW,2\ + [^SVK,2) ^ + /I J + [^SW,2^SW,2\ 

= [^",4VK,2] + [^V2>^1 +0{9'), (31) 
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since — 0{9^). We must carefully keep track of the u(l) components of JF"* to order 

6^ and the su(n) components to order 6"^. Dropping higher-order terms, one has 

= F"^ - A,[Y', O + [A", A^] - e^'^'e^^'lAa'^Ae^] + J'tw,2 (32) 
using the Jacobi identity for O"'^, and thus 

S = -Trip^^F"^ - 2F"^Ac[^', 9"^] + 0[y^ ^'^^]v4rf 

^2(j7«fe _ Ae[y^r^])([A^ A''] - r"'^^"'[A„,,y4e']) 
+([A^AV^""'^'''[^a',A'])' + 2r''[A^A^]) + 5sw,2 (33) 

up to 0{9^), dropping the constant Tr9°''^6°'^ for now. Here 

Ssw,2 =-Tr {29^''J'tw,2) = 'Tr (4r''[X^ A's^^,]) , (34) 

and we routinely drop subleading terms and use identities such as Tr9"'^[Y"' , A'^] = since 
Aa G su{n). Similarly, we can set [A, 9] = in the O(A^) and 0{A'^) terms to leading 
order. For example, 

[^a^ ^fe] = 9""^' 9^^' [Aa' , Ab>] + 0{9^) (35) 

which simplifies (|33|). Note also that the only contribution from 6''^*:^'^* is the NC (Poisson 
bracket) contribution in ^"*[A",74^]. Therefore 

S = -Tr{F''^F''^ - 2F''^A^[Y^, r*] + A,[Y^, r'']^^ + 2r''[y4^ A^]^ + Ssw,2 ■ (36) 

After a tedious computation (see Appendix A) using elementary trace-manipulations, one 
obtains 

S = -Tr (f^'^F^^ - 9"^ F"^ 9"'^ Fed - 29""^ F'"^9^^ F^" + -9''^9''^9"^9'^ {F^dF^j + 2FidFj, 
V 8 

= -Tr (g"^' C^^' Fed Fc'd' + Fa'yFed{9'''''e''^e^^')9^'^ + 2Fa'cFb'ci9^'^9''^9^^')9'''' 
j^U-^e''''9'''9'^{F,dF,j + 2FuF,S) 

= -TrG'^'C'^'FedFe'd' + SNc (37) 

which is exact to order 0(0^). This action is manifestly gauge invariant, and for 9""^ = const 
it reduces to the standard YM action S = TrF°-'^F°-'^ up to boundary terms, as it should. 
From now on, we no longer raise or lower indices with 9'^^. 

The "noncommutative" terms Sj^c can be simplified further by considering the following 
dual evaluation of the 4-form resp. totally antisymmetric 4-tensor \{F /\ F)ijki = [FijFki — 
FiiFkj — FijFki): 

^{F A F),^J^W''' = {Fj^^){Fki9'') + 2FaF,k9'^9^K (38) 



We note that for 6"^^ = O'^^Q^^Q^^ = {^QgOgOy^ these are precisely the terms in SnCi ^^'^ 
conclude 

Snc = -Tr\{F A F),^ui {e''e^' + ^{e'^'e'^y^e^'^ (39) 

where 0"-^0"-^ = ^Qahg^^^ upon reinserting g. Since F A F is a 4-form, it only couples to the 
totally antisymmctrized components {9 A Oy^^^ of O'-^O^K which can be interpreted as dual 
4-form. Because the space of 4-forms is one-dimensional, we must have 9 A 6 = ri{y)9 A 9, 
and it is easy to see that (see Appendix C) 

rj{y) = J C^'ga, . (40) 

Using (F A F)ijkie'^e^' = 1{F A Fy,ki{9 A 9)'^'^' = -ydet{9-''){F A F)ijkie'^''' we finally 
obtain 

Sr,c = ^TriG'^'^gab) ^/M{9^ ^{F A F)ijkie'''' . (41) 
This reduces to a topological surface term for constant 9°^, but not for general 9°-^\y). 



Volume element. Finally we want to rewrite the trace as an integral in the scmiclassi- 
cal limit. According to standard Bohr-Sommerfeld quantization, the appropriate relation 
should be 

{l^fTvfiy) ~ j \u^'f{y) = j d'y p(y) f(y) (42) 

or equivalently 

(27r)2Trv/dct(6'«6) ~ [ d^y, (43) 



where u = i9~^^{y)dy"'dy'^ is the symplectic form, and = p{y)d'^y the symplectic volume 
element. A precise way to justify this for general (non-degenerate) 9°'^{y) is to require the 
trace property 

Tr[/,^]- J p{y){Lg} = (44) 

up to boundary terms, which fixes p{y) up to a constant factor. It is easy to see that 
p{y)d'^y = ju>'^ indeed satisfies this requirement: 

J ^''{f,9} = J io'XM = J u'txfdg 

^ - J {ixfto'^)dg = 2 y" {ixfUj)ujdg = J dfudg = (45) 

up to boundary terms, where Xf is the Poisson vector field generated by {/, .}. Explicitly, 

p{y) = Pfafr(iCb') = Vd^=(det(gab)det(Gab))''" 

A^c(y) (46) 
where ANc{y) can be interpreted as "local" scale of noncommutativity. 
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Effective gauge action. Reinserting tlie constant term 

- Tr 9'''9'''''gaa'9bb' = Tr G''^' g^a' = ^Tr r^{y) (47) 
we finally obtain the classical limit of the action (|^) in the background Y"^: 



Sym = cJ d^y p{y)tr {AT^{y) - G^'^' G"^' F,d F^.^') + 2c J r]{y) trF A F (4, 



where an overall constant c has been inserted, and tr() denotes the trace over the su(n) 
components. This is an action for a su(n) gauge field coupled to a dynamical metric G°'^{y) 
and the constant background metric Qab- 

Note that Sym is invariant under local Lorentz transformations, if we consider rj{y) 
as a scalar functions. This is remarkable, because it can be viewed as a re-summation of 
a Seiberg-Witten expansion in u(l) from the Moyal-plane point of view, where it would 
appear to suffer from Lorentz violation. Therefore predictions and apparent problems for 
gauge theories on M| due to apparent Lorentz-violation may largely disappear here. 

It is fascinating to observe that rj{y) takes the place of both the cosmological "constant" 
and the axion, which is related to the strong CP problem. To explain that both are 
small are outstanding problems. The theory emerging here is expected to have important 
consequences on these issues, however this can only be addressed after quantum effects are 
taken into account. We will see that the first term in fact should not be interpreted as 
cosmological constant, rather it leads to the vacuum equations of motion at tree level (pDD, 
([f3|). Very similar actions have been considered from the classical point of view in [39,40], 
however with an independent field replacing ?](?/). 

We also note that (|46D implies the relation (27r)^A/' = (27r)^Tr]l = J d'^y A%Q{y), where 
A/" is the dimension of the underlying Hilbert space Ti. in the compact case. Therefore the 
local scale of noncommutativity can be interpreted as "local" dimension of 7i per coordinate 
volume, 

^ ^^^^ 



Scalar field. Similarly, we want to obtain the classical limit of the scalar action (pTSl). 
Strictly speaking, we should also use a Seiberg-Witten map for the scalars, in order to get 
the correct gauge- invariant classical limit. This is given by 



r%9,(/)--r^[A„A,0] + o(O 



Noting that 



we obtain 



^X-^ $] = [Y- + e'^'A,, + 0(6)] = e''\d,(j) + [A,, <P]) + 0(9 



abl 



Sm = / Ap(y)trG"''(a,0+ [A,0])(9,</>+ [A,, 



(50) 

(51) 
(52) 
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to leading order. Therefore in the scalar case, the correct classical limit is indeed obtained 
by the naive analysis leading to (^). In particular, we obtain the same effective metric G"'' 
coupling to both scalar and gauge fields. This is of course essential for an interpretation in 
terms of gravity, and resolves an inconsistency for the gauge fields in [31]. Note furthermore 
the invariance of (^2[) under Weyl rescaling G e'^ G, which is usually found for the Yang- 
Mills sector. 



The effective actions (^Sp and ( p2D almost have the standard form of gauge resp. scalar 
fields coupled to an external metric G'^^, except for the density functions p{y) and ij^y) 
which depend not only on Gab but also on the "background" or closed string metric gab- If 
we consider gab as a metric tensor, then these actions are generally covariant. However, gab 
is a fixed matrix in the fundamental action (|l|), where it does not make sense to transform 
it under a general diffeomorphisms. Thus general covariance arises only in the effective low- 
energy action, considering gab as a background metric which enters the Yang-Mills action 
only through det gab and 'r]{y). For fixed gab, the Yang-Mills term in (|^ ) is covariant only 
under volume-preserving diffeomorphisms, and the "would-be topological" correction term 
Snc is invariant under diffeomorphisms preserving rj^y). This is somewhat reminiscent of 
unimodular gravity [41], but more restrictive. 



It may be tempting to recover the "missing" density factor in (^Sp by defining a slowly 
varying effective gauge coupling for the Yang-Mills sector, 

det^afe^^l/4 

(53) 



G^yM Vdeta 



^ab 



However this is premature and perhaps misleading at this point, because a similar su{n) 
action will be induced at one-loop, which might have a different density factor. 



4 Emergent Gravity 

We have shown so far that the su(n) gauge fields as well as scalar fields couple (almost-) 
covariantly to the effective metric G""^. However, we did not yet explain how the Einstein- 
Hilbert action or some variation thereof should arise. This appears to be difficult to achieve 
in the matrix-model framework, where we can write down only traces of polynomials of the 
covariant coordinates X". Moreover, adding any gauge-invariant term in the action action 
would also affect the su{n) sector which should describe the Yang-Mills action. 

We will argue that it is not necessary to add any further terms to the action, rather the 
gravitational action arises automatically upon quantization. The idea of induced gravity 
due to Sakharov [34] is crucial here; see e.g. [42] for a more recent discussion. However, the 
term f p{y)i]{y) in (^) also plays an unexpected role. 

Consider the quantization of the noncommutative gauge theory. The definition in terms 
of the matrix model actions (|lD resp. ([TBI) provides a clear quantization prescription via 
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a (path) integral over the matrices X". On the other hand, we can use the description in 
terms of the classical actions (^) resp. (^) at least for low energies, where the classical 
fields are coupled covariantly to the effective metric G"^. We can then use the well-known 
result that the one-loop effective action contains in particular the Einstein-Hilbert action. 

We briefly recall this general mechanism [42]: Consider e.g. a scalar field with action 
^[^] ~ I ^"^y \f9 g°'^da^dh^ coupled to some background metric g. Upon quantization i.e. 
integration out up to a cutoff A(/y, the leading term of the one-loop effective action is 
essentially given by 

Sx-ioov ~ y dS\r9 {ciAtiv + C2A!jv m + 0{\og{Auv))) (54) 

where R[g] is the curvature scalar associated to g. It involves the Seeley-de Witt coefficients 
determined by the kinetic terms (see [43] §4.8). This is closely related to the spectral action 
principle [44], cf. [45,46] for the Moyal-Weyl case. 



Our scalar action (|5^) differs from the generally covariant form through a different 
power of det(^) in the measure (0). This can be cast in the standard form by defining 

gab = e''Gab, e'^ = (detG,fe)-i/^ (55) 

with det ^ = 1, so that 

Sm =cjd% (det GabY^^ G^'da<l>db<l> = c' j d^y ^g ^''da^dh^- (56) 

This reflects the invariance of (|52|) under Weyl scaling. The curvature scalar of gab is related 
to the one for Gab by 

R\g\ = (^R[G] - ^Aca - ^ G'^'daad^a^ (57) 

where e~'^ = det(G)^''^ is somewhat reminiscent of a dilaton, and 

Aca = V1,daa = G^^'dad^a - T'd.a . (58) 
Therefore (^) induces in particular the term 

Si-ioop ~ J dS det{Gab)^'^ (^R[G] - 3Ac,a - ^ G'^'daod^a^ A 



^eff 



(59) 



at one-loop. This is just an indication of what should be expected from a more detailed 
analysis. The su(n) gauge fields will also induce at one loop terms similar to (|59|). 
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UV/IR mixing and gravity. It is well-known that the quantization of noncommutative 
field theory leads to the so-called UV/IR mixing [28-30]. This means in particular that the 
effective action contains new divergent terms with momentum dependence ~ Te^' which 
are singular in the infrared and not contained in the bare action. This holds both for gauge 
fields and matter fields. Remarkably, the UV/IR mixing for gauge fields is restricted to the 
trace-u(l) sector, at least for one loop. 

Our result sheds new light on this phenomenon. We have argued using the semiclassical 
description that NC gauge theory induces upon quantization the Einstein-Hilbert action 
(0) for the effective metric Gab, which is a function of the u(l) gauge fields only, with 
divergent coefficients. Since these terms are not contained in the bare action, the model 
should not be naively renormalizable as a pure Yang-Mills gauge theory, and should have 
new divergences in the trace-u(l) sector (and only there) at one loop. The momentum 
dependence of the scalar curvature R ([7T|) , valid for k -C A^c, may well be responsible for 
the observed IR singularities in the naive u(l) point of view. This shows that the essential 
features of the UV/IR mixing fit perfectly in our scenario and are in fact very welcome 
here. 

It remains to be seen how much this rough picture can be substantiated. All of this 
underscores the importance of finite versions of NC gauge theory such as [26] which are 
now understood as models of Euclidean quantum gravity, and of IR-modified versions such 
as [47] which might suppress the gravitational sector. 

Furthermore, recall that in the conventional framework, a major problem of induced 
gravity is that it induces huge cosmological constants. This problem is not expected to arise 
here, because the class of available metrics is restricted; note that the term J d^yy/g K^jy 
in (^) is trivial here because \/g = 1. Also, the term J d^y p{y)'>]{y) in (ID does not 
play the role of the cosmological "constant", rather it leads to the vacuum equations of 
motion of gravity. These are the equations of motion for the u(l) degrees of freedom 
for JF'^* = = $, which are obtained easily from (^ 

G^''dJ-,\y) = . (60) 

This will imply Rab ~ in the linearized case ([73|). Furthermore, stability of Euclidean NC 
spaces with similar actions as the ones considered here is rather obvious by construction 
[26,48] and has been verified numerically in [49,50], while geometrical phase transitions do 
occur. Moreover, fiat space (^) remains to be a solutions even at one loop. It therefore 
seems quite plausible that the picture of gravity emerging from NC gauge theory may shed 
new light on the cosmological constant problem. 

It remains to clarify the physical meaning of the metric Gab and possible rescaling with 
e'^, which is related to A^c via (^6|). Furthermore, the precise form of the gravitational 
equations of motion should be determined. We will show that at least for small fiuctuations 
of fiat Minkowski space, the resulting gravity theory appears to be a physically acceptable 
modification of Einstein gravity. 
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Relation to previous work on Matrix models and M(atrix) theory. There is a 
large body of literature on Matrix-model formulations of string resp. M(atrix) theory. In 
particular, the IKKT for IIB string theory [7] is essentially a 10-dimensional supersymmetric 
version of the 4-dimensional model under consideration here, while the BFSS model [5] for 
M-theory includes an extra "time" dependence. The identification of gravity in these matrix 
models is of particular interest, and has been studied in a number of papers including [4-11]. 
What is typically considered are interactions of separated "D-objects", represented by 
block-matrices. A gravitational interaction is then generated at one loop, i.e. by integrating 
out off-diagonal blocks, reproducing leading effects of D=10 (super) gravity. However, there 
is also strong evidence for D=4 graviton propagators for D=4 D-brane solutions [9, 11] of 
this matrix model, which is quite directly related to the present context. For other aspects 
see also [14-16]. Nevertheless, an explicit identification of the associated geometries within 
such matrix models and its relation with gravity has not been obtained in the literature. 

The relation with our approach is as follows. In stringy language, we consider a single 
given NC background (a 4-brane, say), and obtain an explicit metric and effective field 
theory. While these brane-solutions to the matrix models are typically considered as fiat 
(or highly symmetric), we point out that they do contain nontrivial metrics and geometry 
through their U{1) sector. In a higher-dimensional version, this should also shed new light 
on gravity in M(atrix) theory. In agreement with previous work, one-loop effects are found 
to be crucial to obtain the gravitational action. 



4.1 Geometry, gravitational waves and u(l) gauge fields 

In this section we study in more detail the class of geometries available from (|1^. In 
particular, we consider the case of small fluctuations around a flat background M.j with 
generators Y . This will also clarify the relation with the conventional interpretation in 
terms of u(l) gauge fields on the canonical quantum plane Mg. 

An arbitrary u(l) component of X"" in (|^) can be written as 

Y" = Y" + A^^ (61) 

so that 

0-\Y) = [Y" , Y^] = + T'f'^ (62) 

where = dcA^^ — (9dA° + [y4°,v4j]] is the abelian field strength on M^. Therefore the 
induced metric can be written in terms of the u(l) gauge fields as 

Consider first the case of 2 dimensions. Then O"''^ = Sabd and F^f,{y) = Eabfiv), therefore 

Gl^j,){y) = -gabfil-efiy)f. (64) 



15 



Since gab is a constant diagonal matrix, the metric is obtained automatically in isothermal 
coordinates, and the y-dependence of the metric is given by the ?/-dependence of the u(l) 
scalar field strength. The latter is an arbitrary function off-shell. Therefore the metric ^"21?) 
describes indeed the most general metric in 2 dimensions with non-vanishing curvature, in 
isothermal "gauge-fixing" . 

In 4 dimensions, we certainly cannot obtain the most general geometry from the degrees 
of freedom of a u(l) gauge field. However, we will show that one does obtain a class 
of metrics which is sufficient to describe the physical ("on-shell") degrees of freedom of 
gravity, more precisely gravitational waves and the Newtonian limit for an arbitrary mass 
distribution. 

As a first check, note that gravitational waves have 2 physical degrees of freedom (helici- 
ties), as much as u(l) gauge fields. We should therefore verify whether (|63D contains indeed 
the 2 physical on-shell degrees of freedom of gravitational waves on Minkowski space. This 
was answered positively already in [31] to leading order in 6 , and is reviewed below for 
convenience. It strongly supports the physical viability of realizing gravity in this manner. 



Gravitational waves on a fiat background. Consider small fluctuations of the metric 
(|63|) around the metric for M.^ 

r:=-rrg,„ (65) 
which is indeed flat. Keeping only the leading terms, (^) simplifies as 

^ab ^ ^ab^-adff p,^^-bd-Q-f p,^^ + 0{gf) . (66) 

This can be considered as metric fluctuations = — h""^ on fiat Minkowski (or Eu- 
chdean) space, leading to gravitational waves determined by 

^ab ^ _-adff pO^ _ -bd^f ^0 _ (g7) 

For the inverse metric Gab = 'Qab + ^ab this implies 

hab = gwO"'^ Fl + ^,,,r'^ (68) 

to leading order. This is essentially the metric obtained by Rivelles [31], up to a trace 
contribution which arises here from the density p{y) (^6]). Therefore the linearized picture 
in [31] is recovered here in a complete framework with nontrivial geometry. The linearized 
Ricci tensor is found to be 

Rab = d^dibhay - ^d^'dchab - ^dadbh 

= \ (r^ dad,F!f - -ej d'^dfFl - ^/ d^dfF!}j (69) 
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where indices are raised and lowered with g, 

h = K,r' = Fi , (70) 

and 

R = d'dcF^j . (71) 

On the other hand, the hnearized Ricci tensor for the unimodular metric gab (0) resp. the 
traceless graviton hat = hab — jUab^ is given by 

Rab[g] = -\ {eJ d^dfFl + ej d^dfFl + ]^g,,d^d,F,,e'^^^ (72) 

This agrees with the results of [31]. Now consider the tree-level vacuum equations of motion 
(|60|), which in the present context amount to ^"'F^^^ = = d'^dcF^f^ up to possibly corrections 
of order 6, i.e. the vacuum Maxwell equations for the flat metric 'g^b- As pointed out in [31], 
this implies that the vacuum geometries are Ricci-fiat, 

Rab[9]=0 + O{9^), (73) 

while the general curvature tensor Rabcd is first order in 6 and does not vanish. This 
shows that the effective metric does contain the 2 physical degrees of freedom (helicities) of 
gravitational waves. It is quite remarkable that this is obtained at the tree level, without 
invoking the mechanism of induced gravity in section |^. 

For completeness, we check that the Riemann tensor for plane waves is non-zero. To 
do this the following form of the metric fluctuations (^) is more convenient 

hab = e/dfAl + 9jdfA',-{daA'f9b^ +dbA'}eJ) 

= e/dfAl + eJdfA', (74) 

since the term in brackets has the form da^b + db^a of an infinitesimal diffeomorphism and 
therefore can be dropped. Incidentally, observe that the u(l) gauge transformations act as 
A^ ^ A^ + daX{x) in the commutative limit, which leaves hab invariant; however, they do 
act as symplectomorphism to order 6, as discussed in section O. Now consider plane- wave 
configurations 

A° = i^ae^'" (75) 

with 

hab = i(0/kfEa + eJkfEb) . (76) 

Using 

Kb = {dahbd + dbhad - dahab) , (77) 
the linearized curvature tensor is 

Rabc' = [{kf^ - k'^J)kj{kbEa - kaEb) + {kb'ej - ka9/)kf{k,E'' - k'^E,)) (78) 
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which is 0{9) and does not vanish even on-shell. 

This analysis suggests in particular that gravitons should be interpreted as NC Gold- 
stone bosons for the spontaneously broken translational invariance of X"' — >■ X°- + c", and 
gauge bosons as their nonabelian cousins. 

4.2 Connection and curvature, examples 

The Christoffel symbols obtained from the metric G""^ for general ^"^(y)are 

Kb = \g"' {daGM + d,Gad - ddGab) (79) 
which using the Jacobi identity for can be written as 

r^, = \ {e^^dj,! + 9^fd,e-j + G^\e,}gf^'df.9-J + e-jgff d^.e-,')) . (so) 

The curvature is given as usual by 

Robe = dbT'^c ~ 9aTf^ + r^^Fg^ — r^gFgjj . (81) 

Inserting (|80D does not provide very illuminating expressions. Note that 9"'^{y) is in general 
not covariantly constant, even though G"^ is. 

We illustrate the nontrivial geometries emerging from NC spaces with a few examples. 

Manin plane. Consider the Manin plane 

xy = qyx (82) 

with |g| = 1 and hermitian generators x,y. The underlying Poisson structure is 

{x,y} = -i{,q- q~^)xy =: -ie{x,y) (83) 

so that the effective metric induced by the matrix model with background metric Qab = ^ab 
resp. gab = Vab would be 

ds^ = -{q-q-'fxY{dx^±dy^). (84) 

However, keep in mind that the Manin plane might be obtained more naturally from a 
different matrix model with different background metric gab, with different Gab- 
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Newtonian limit. The Newtonian limit of general relativity corresponds to static metric 
perturbations of the form 

ds' = -c^de (l + ^) + dx^ (l + 0(^)) (85) 

where A(3)[/ = AnGp and p is the mass density. We can indeed obtain such metrics for 
arbitrary static p, as shown in Appendix B ( |158| ). Therefore the class of metrics Gab (0) 
does contain the required degrees of freedom to describe a physically reasonable gravity 
theory. In fact, the degrees of freedom for Gab are precisely those required to describe an 
arbitrary mass distribution. This gravity theory is therefore very economical. The Planck 
length is identified with A^]^ on dimensional grounds, or via ( |159|) which gives G ~ 6* in 
appropriate units. 

If we us the vacuum equations of motion (|60|) which amounts to d^Fcb = resp. Rab = 
as discussed above, then ( |158[ ) leads to 

ds' = -c^de (l + ^) + dx^ (l - ^) (86) 

to leading order, as in general relativity. Therefore the leading corrections of general 
relativity over Newtonian gravity should be reproduced here. 

Schwarzschild metric, rescaled. The Schwarzschild metric can be written in Kruskal 
coordinates as 

ds" = r^d^^ + sin2(^9) V) + - e-^dti' - dv^) (87) 

r 

where u + v = y/r — 1 e'-'"^*^/^, u — v = i/r — 1 e^**^*-*/^ and thus — v'^ = {r — l)e^' . This 
can be written as 

Gab = r'Gab = r\Xb'V''''' (88) 

which almost the desired form (except for the overall scaling factor r^) for the symplectic 
form 

e-^^dx" A dx^ = sm{^)dM<^ + e'^^'^du A dv . (89) 

Note that the density factor e°" = (det Gy^'^ = e"**/^ is a function of r only, so that the 
(^) is indeed obtained by rescaling with a function of a only. The (r, t) - part of the metric 
can easily be generalized as in (0). While this illustrates the nontrivial nature of metrics of 
the form ([T7|) , it turns out that this ansatz does not lead to the desired Schwarzschild-like 
solution, rather a different ansatz must be used; this will be described elsewhere. 

4.3 Coordinates, gauge invariance and symplectomorphisms 

From a semiclassical point of view, NC gauge theory provides 2 geometrical structures: 1) 
a Poisson structure Q°'^{x) and 2) a "background" (closed string) metric gah^ which is used 
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to contract the indices of the covariant coordinates. We assume here that gab is flat. There 
are accordingly 2 special coordinate systems: 

1. Darboux coordinates where 9°''^ is constant. Then of course the background metric 
gab{x) is not given by 6ab or r^^fe, but it is still flat. 

2. Cartesian coordinates w.r.t. the background metric gab- Then 9°'^{y) is not constant. 
These are the y"" coordinates used in the present paper. 

Observe that Gab is flat if the two coincide, thus NC gravity results in some sense from a 
"strain" between Darboux- and (7-flat coordinates. 

Now consider the gauge symmetries. The matrix-model action (||) is invariant under the 
NC gauge transformations (^. While their sxi{n) components are clearly the su(n) gauge 
transformations of the effective action (0), the role of the local u(l) transformations is less 
obvious. It is well-known (see e.g. [51]) that u(l) gauge transformations in the NC case act 
naturally as symplectomorphisms on the Poisson manifold M., leaving 9°'^{y) invariant. To 
see this, consider the gauge transformation of a scalar function (f){y) G A: 

0^0' = f/</,f/-i (90) 

or inflnitesimally 

0^(/.' = + 2[A,(/)] (91) 

for U = e*^^. The semi-classical version of this action is (j){y) — > (f)'{y) = (j){y) + {A(y) , (p{y)}, 
which generates the Hamiltonian flow with generator A(y) w.r.t. the Poisson structure 
9''''{y). Therefore u(l) gauge transformations are naturally interpreted as quantization of 
the action of the group Symp(AI) of symplectomorphisms on Ai. Due to Liouvilles theo- 
rem, Symp(AI) is a (proper) subgroup of the group of volume-preserving diffeomorphism. 

Now consider the covariant coordinates X", which transform as 

X"" X^' = U-^X^U. (92) 

According to the above discussion, this can be interpreted for the u(l) sector as transforma- 
tion of the embedding function X"- : Ai "-^ Mf^ under (quantized) Symp(AI). However here 
Sjmp{Ai) does not act on any indices of e.g. nonabelian gauge flelds, unlike the standard 
action of diffeomorphisms. Nevertheless, since the action is written in terms of classical 
fleld strength tensors with all indices properly contracted, the classical action appears to 
be general covariant. This is only apparent, however, since gab is a flxed background met- 
ric: The exact invariance group must preserve p and r]{y), which probably reduces it to 
Symp(7\/i). 

The role of NC gauge transformations and diffeomorphisms certainly deserves further 
investigations, see also [32, 52] for related discussion. It remains to be seen whether the 
generalized notions of symmetry developed in [17] are applicable in the context of matrix 
models. 
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5 Remarks on the quantization 



The great virtue of matrix models such as (|TD is that there is a clear concept of quantiza- 
tion, defined by integrating over the space of matrices. This has been extremely successful 
for single-matrix models, and was elaborated in the context of NC gauge theory to some 
extent [48]. Combined with the results of the present paper, this leads to the hope that 
(H) may provide a good definition of quantum gravity. The limit — oo of course re- 
mains to be a highly nontrivial issue related to renormalizability. On the other hand, the 
finite-dimensional matrix-models for compact "fuzzy" quantum spaces such as [26] are thus 
candidates for a regularized (Euclidean) gravity theory. 

Furthermore, recall from section ^]2| that our model of NC gravity contains only the 
minimal degrees of freedom required to accomodate on-shell gravitational waves plus a mass 
distribution. In contrast, general relativity contains many additional off-shell and gauge 
degrees of freedom, leading in particular to nontrivial gauge fixing issues upon quantization. 
Therefore the gravity theory obtained here should be better suited for quantization. 

We support this conjecture with some observations. Due to gauge invariance (Q), the 
effective action after quantization should be given by similar types of matrix models, involv- 
ing more complicated expressions of traces of polynomials of the X"". Due to translational 
invariance, they should be expressible in terms of commutators, and therefore - in some 
given vacuum - the same analysis as here should establish that they can be interpreted as 
su(ra) gauge theory coupled to an effective to leading order. This suggests that there 
should be no disastrous UV/IR mixing effect, which has been absorbed by the choice of 
geometric vacuum. 

6 Discussion 

The basic message of this paper is that gravity is an intrinsic part of the matrix-model 
formulation of NC gauge theory. These models describe a dynamical noncommutative 
space, with metric determined by the general Poisson structure. This leads to a separation 
of the gravity and gauge theory degrees of freedom. Quantum spaces and gravity are 
seen as two aspects of the same thing. Matrix models such as (|ID thus provide a simple 
class of models which should be suitable for quantizing gravity along with the other fields. 
This clarifies the presence of gravity in string-theoretical matrix models [5,7], however the 
mechanism is more general and applies in particular to 4 dimensions, as elaborated here. 
Also, the mechanism of spontaneous generation of fuzzy extra dimensions [36] can now be 
seen from the point of view of gravity. We also point out that the gravitational action 
will be induced upon quantization, which should explain and hopefully resolve the UV/IR 
mixing in NC gauge theory. 

While the physical properties of the emerging gravity theory are not yet worked out. 
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the simplicity of the mechanism is certainly striking. There remains some freedom for 
modification of the action, in particular via extra dimensions, but the mechanism seems 
to be quite rigid. In particular, the restricted class of geometries strongly suggests that 
the resulting gravity theory is different from general relativity, but consistent with its low- 
energy limit. This realizes some of the ideas in [31-33], with the aim to understand gravity 
as an emergent phenomenon of NC gauge theory in the commutative limit. It is also 
reminiscent to ideas in [20], in the sense that gravity is determined by noncommutativity 
i.e. the Poisson structure. On the other hand, this is different from other proposals [17] 
which aim to define a deformed (noncommutative) version of general relativity. 

One may wonder how such a different interpretation of NC gauge theory is possible; 
after all, there seems to be nothing wrong with the "old" gauge theory point of view. From 
that perspective, what we have done is to perform a Seiberg-Witten map from constant 9 
to a general 9"''^{y), to leading order in 9"''^{y) but exact in 69"-'' = 9°-^{y) —9 (y). This "eats 
up" the u(l) gauge fields and moves them into the metric G"'^{y). In the conventional gauge 
theory point of view, 59°'^ is the u(l) field strength, which decouples from the su(n) gauge 
degrees of freedom to leading order but cannot be disentangled exactly. We determined 
the precise couphng between these u(l) and su(n) degrees of freedom, and showed that it 
should be interpreted as gravitational coupling. This casts the basic observations of [31] 
in a complete framework, generalized to notrivial geometries and nonabelian gauge fields. 
The basic idea of gravity emerging form NC gauge theory was also put forward in [32,33], 
in a somewhat different approach without identifying the metric (p]^). 

There are many further directions to explore. First, the main results of this paper also 
apply to dimension different from 4, and should generalize in particular to the case of NC 
"submanifolds" embedded in higher dimensions. Then the closed string metric gab is the 
induced metric on the submanifold, and no longer flat in general. Therefore the class of 
effective metrics obtained in this case may be larger. Notice also that extra dimensions can 
be viewed as additional (possibly interacting) scalars as in (0); a particularly interesting 
example would be the matrix model for = 4 NCSYM considered e.g. in [9,11]. Other 
types of matrix model actions should also be explored, such as DBI-like actions. Fermions 
should of course be included in these models, which will be studied elsewhere. This will also 
allow to study the relation with the framework of the spectral action [44]. The quantization 
and loop effects should be worked out. Finally, it is of course essential to explore the physical 
viability of this NC gravity. 
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7 Appendix A: Derivation of the effective action to 
leading order 

To shorten the notation wc only consider the Euclidean case gab — Sab here, and adopt 
a notation where repeated indices are summed irrespective of their position; for example, 
QabQab ^ ^ 0°'^9"'^. The Minkowski case is obtained by obvious replacements. 

Furthermore, we adopt the convention in this appendix to rise and lower indices with 
Qab j^ggp Q-^^ rather than the metric, e.g. A"" = 0"'^ Ai,. 

Useful identities 

The "commutative" field strength is defined by 



F' 



tab 



QacQbdp^ = e'^e^{dAd - ddA,) + e'"'6'"'[A,, a^] 

e^^Y'', Ad\ - Ae] + e''^e^'^[A^, Aa] 



(93) 



while we define the "noncommutative" field strength as 



■ab 



[X\ X^] - 9"'' = [r^ A''] - [Y\ A"] + [A", A''] 
[X'',A''] - [X\A''] - [A", A'']. 



(94) 



The leading terms are 



jrab ^ ^Y", AdO'"^] - [Y\ Ade""^] + [A", A''] 

= F"^ + {\Y\ e^'^] - [Y\ e'"^])Ad + [A^r^ A^e^"] 

= F"-^ - Ad[Y^, 9"^] + [A", A^] - 9^'''9^^' , A^] 



9''''9'''[Ad,A,] 



(95) 



up to corrections of order 0{9^), hence omitting J^sw,2 here. 



A useful identity is 



2Q<^b^Y% [Y\X]] = 9''\[Y'', [Y\X]] - [Y\ [Y^,X]]) 



(96) 



A similar identity is the following: 



\ab!-\^a ocb] oabts^c nbal nab\-\^b nacl 
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therefore 

Qab^Y", e"''] = O . (97) 

In particular, 

r''A,Ad[y^ [y", 9"^]] = -e^'^A^AdiY'^, [Y^, O] . (98) 

Bianci identity and applications The noncommutative Bianci identity for is ob- 
tained from 

- -[^^^*"] - - [^^r*]. (99) 

Together with the antisymmetry of ^ it follows that 

= (-[X^ T^"] - [X", jr^^] - [A", 9"^] - ^"''] + [A", 9"^]) (100) 



which implies 



Qab^^a^jrch^ = -r''([x^ j^"^] + [A^ r^]) - r^] . (loi) 



Using [y^ A^] + [^^ A^] = J^'* + [y^ A'^] this gives 

Qab^^a^ [y^, ^''] + [A", A% = j^'^*] + [y^ A"]] 

= -9''\[x\ T''^\ + [A^ ^"'']) + ^'^^[y^ [y^ A'^]] 

[y^ A'^]] - 9'*\ 

= -^"^([x^ :r»^] + \A\ 9'^\) + A'^] 

= T"^] + [y", [A^ A'']] - \A\ [A", y'']] - [A", r*"]) 

so that 
which using 

^a6[^aj^c^^6]] ^ -^^[A^ [A^ A"]] + 6'"''[A", [A^ A'^]] (102) 

thus 

\A\ A'']] = -^"''[A^ [A^ A^]] (103) 
24 



gives 



= i5/«&[X^ T"^] - \e''\A\ F"^] - Q''\A', Q'*] . (104) 

Other useful relations Here we collect some identities which hold up to some required 
order or Q. 

Let us introduce the notation 

[n,/]:=^;,M>^',/] = 5a/ (105) 

which allows to write 

[y^/][y„,^] = r''aj9„^ = -^{/,^} +o(0 (loe) 

to leading order, which in the abelian case coincides with — [/, 5'] + 0{9^). This gives 

^''[X", Ac](F'=^ + [Y^,A^]) = r^(F^ + [Y,,Ae]e'''){F^^ + [Y^,A^]) 

= e^'^F'^.F^^ + [Y^, ^]r'=[y^ A^] + F\[Y', A^] + F^\Y^, A^]9''^) 
= e^'^F^F^^ + ^""z{Ae, A^} - F^^Ae[Y„ e^"^]) 

= e'^^F^'^e^F^^ + e''^F'"^e^^Ae[Y\ e^^] + r^r'z{Ae, ^i^} (io7) 

up to 0{9^). Similarly, one finds 

e''\Ad[x\ O + f'^'o^^a^iy^ e'"']) = r^Arf([x^ a,] - f\)[y', e'''']) 

~ ^''^l . (108) 

To evaluate the contributions cubic in A, we will need 
Tre'^e'^Ad[T'"^,A^\ = -Tre'^e'^[Ad,Ac]r'"^ 

= -rrr^r^[Ad, A,]([r^ a''] - [y\ a"] + [a^ a^]) 

= -rrrt«^[Ad,A,](2[y^A'^] + [A^A'^]). (109) 

The first term gives 

Tre^^e^-^Ad, A^\ [y^ A^\ ^ Tr- e''^e''^Ad[[Y^, A'^] , Ae] 

= rrr^r^Arf([[A^ ^], r^] + [[A,, y%a'']) 

= rrr^r^(-[Arf, r^] [A^, A,] - [Aa, A''] [A,, Y'^]) . (110) 
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To proceed, consider 

Tre^^e''^[A'^,Y^][Ad,A,] = Tr9"'''e''''[9'^'Ae,Y'][Ad, A,] 

= Tre''^e''\[e'^^, y^\a^ + [A, Y^\e'^^)\Ad, A] 

= ^rr''^»^([^'^^ Y-\A,\A^, A,\ - [A,, Y'][A\ A,]) 

= -Trr''r''[^,y'=][A^Ae] (111) 

dropping terms of order 0{9^) and using (|113|) below, which can be obtained by considering 

TrO'^^e'^^lA^, Ad]Ae[Y\, r'^] = Tr^^'^'^^'iA, Ad]Ae{-[Y^, 6^^] + [Y\ 9"^]) 

= -2Tre''^e''\Ac,Ad]Ae[Y\e'^^] 
= -2Tre''^e''\Ad,Ae]A^[Y^,e% (112) 

routinely dropping terms of the type Tr9^ f{x)[Aa, A^^n a. under the trace. This implies 
that 

Therefore ( p.lO| ) gives 

Trr^r''[/lrf,AJ[y^ = ^rr^r^(-[y^^'^][/lrf, - [^,, A'^jiA^y^]) (ii4) 

which implies 

TrO^^e^^lAd, v4J [y^ A^] = -^Tr9''''e^^[A'^ , Ad] [Y', . (115) 

Similarly, 

- Trr''r*[Ad, A^] [A^, A"^] = Tre^^e^^A^lAd, [A^, A'^]] 

= Tr9'^'9-'A,{-[A', [A", AJ] - [A^, [A^, A'^]]) 
= Trr''r^([A^ A,] + [A'',A,][Ad,A']) 

= Trr^r^([A^A,][/l^A,]-[^,,A][^^/l^]) (ne) 

implies 

Tr9''''9''''[Ad, ^1 = ~Tr9''''9^^[A^, A^] . (117) 

Putting this together, ( |109[ ) can be written as 

Trr'^r^Arff^^^ = lrrr^r^(2[A^ + [a^ a,]) . (iis) 
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Evaluation of the contributions 



second-order Seiberg-Witten contribution 

Let us write the second-order Seiberg-Witten contributions (0): 

Ssw,2 = 2Trr'[X^Ae([y^A^] 

where we used (|95|) 

j^"^ = F"^ ~ Ad[Y'^,e''^] +o{e^), (119) 

noting (p5|). The second line can be simplified using ( |104D 

0ab^^a^ [y^, A*-]] = -e'^^ix', ^"^] - F''''] - e''''[A'', e^''] (120) 



and dTUTI) 



^afcj^a^ -pcb^ ^ J^"''] + [A^, ^"*]) - ^"^^l (121) 

2 



so that 

55PV,2 = Trr''(2[X^AJ(F^^+[y^A^]) 



+2yl,[X^ A,] [y^ r"] + 2A,A,[X^ [X^ r^]]) . (122) 



Now 



^Tr^'^^yl.ylrfiy^ [Y", 9^^]] + 6"^ AAd[0'"^ , r^] (123) 



using (|98[) , which imphes 



hence 

S-^H/.s = Tre^'(2[Y\A,]{F''' +[Y',A']) 

+ 2 Ac [X^ J^'*^] -A^O"^ [A" , F""^] + A, [A' , 6''^''] - 4 A^ [A" , ^'1 

+ 2/lrf[x^ ^][y^ ^"^] + Ae^d[x^ [x^ O] + 2^Ad[r^ r^]) . (125) 
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The first line can be written using ( |1071 ) which gives 

Ssw,2 = TrO"^ [2F'"^e-^F^^ + 2F'"^e-^ A^lY" , 9^^] + 26''^"^{Ae, A^} 
+ 2 Ac , ^F"^] -A^O"^ [A" , F""^] + A^ [A' , 9^^] - AA^ [A" , 9'''] 
+ 2A4X", AJ[F^ O + A^A^X'', [X', 9^']] + 2A,Ad[9''\ r"]) . (126) 

Now using ( |108| ) this becomes 

^^^^2 = Trr'' [2F'"^9^^F^^ + 29''H{A^, A^} + 2^"^Arf[A, 9'^^] 

+2AJ^X\ T"^] - Ac9''\A\ F"^] + A^[A\ O - AA^yA", 9"^] 
+A^Ad[X'^, [X", 9"^]] + 2AcAd[9''\ r^] 



Replacing Tr9''^9''H{Ae, A^} Trr''r'=[Ae, and noting 

9"^ (r"[yle, ^1 + 9''^Ad[A^, 9'^^] - 2A[A^ 9"^] + ylcAdl^'"^, 

= 9"^ {9'"^[Ad, A^] + 6''^'^y4e[ylrf, 9"^] - 2AJA", ^^^] + AJ^Ad9'"^, r''] - r'^Af^d, ^'1) 
= 9''^9'"^[Ad, A^] - 9^^Ad[9'^\ A^] 

^Qab^A^'^A^] (127) 
(note: only the abelian component involving the Poisson bracket contributes) and 

Tr [Ac9''\A^, F"^]^ = -Tr (^[A^, ylJ^'^^F'^'') (128) 
(since only the nonabelian terms survive), we obtain 

Ssw,2 = Tr9''^ (2F^%^^F^' + 2[y4^ A^] + A^[A^, 9''''] 

+2A[^', -^"1 + [A^, Ac]^"''F"^ + A,Ad[X'^, [X^, O]) • (129) 

Now we use 

Ac[X',J^''''] = Ac[X',F'''' - Ad[Y'^,9''^]] 

= A,[X', F-'] - AdlX", 9-']] (130) 

(to 0{9^)) using (p5|), and obtain 

Ssw,2 = Tr9^^ (2F''%^F'"' + 2r^[yl^ A''] + 2Ac[X^, F^^] + [A"", AJ^-^^i^"* + Ac[A^, 9""^] 
+A,Ad[X^, [X^, O] - 2Ac[^^ Ad[X'', O]) • (131) 
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Using partial integration, we have 

rr^"^A4X^ A^[X\ = -TrAd[X\ 0^c[X^ 6''^] - TrO'^^X'^., Ad]A^[X\ d"^] (132) 
and 

TrO^^A^diX^ [X\ 6"% = TrO"^ Ad[X'^ , A^[X\ d"^]] - Tre''''Ad[X\ [X\ O 

= Tr- Ad]A,[x^, r^] - [x'^, r''] 

therefore 

Tr - 2e''^Ad[X\ + e^^A^AdiX^ [X^ O] 

= TrAd[X'^, 0^c[^', + Ad]Ac[X'', 9"^] - Q""^ Ad\X'^ , A^] \X\ r^] . 

Consider the term 

- ITrB''^ Ad\X'^ , ^c] [^', = Trr^[X^ ylj [X^ AJ^"^ + r''r''^4X^ [X^ A,]] 

= Tre"'\X\ Ad\ [X^ AJ^"^ + r^r''A4X^ [X^ A]] 

= Trr^[x^ Aj[x^ Ajr'' - r^r^[x^ Aj[x^ 

-26'"''yl4X^ O [X^ yl,] + ^'^^^'^^A4(^'='^ + ^^'^), Ae] 
(using partial integration again), which gives 

-Trr''^4x^ A] [x^ e"^] + r''A4x^ O [x^ a;\ 

= Tr^r*[x^ A4[x^, - ^r^r^[x'^, A4[x^ a^] + ^e^^e^^AdUe^^ + t"^), a^] 

and we obtain 

Tr - 2e''^Ad[X\ AJX^ r^]] + r''AeA4X^ [X^ r'']] 
= Tryl4X^ r^JAjX^ 6"^] + ^^''[X^ AJ[X^ AJ^"^ - ^^^^^IX^^, A4[X^ Ae] 



Inserting this into (|131|) and using 



Tr ( r''A4A^,r^] + Arf] + -e''^e''^e^'^[A^,Ad] 

Tr ( -rt"^^'='^[ylc,vld] ) (134) 



2 
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(again only the abelian contribution from the Poisson-bracket survives) gives 



1 



2 



+ 2- 



(135) 

Now observe that 

[F^ A,] [Y\ A,] - e^^lAa, A,] = e'^e'^^d.A.d.A, - e^^e'^dAddjA, - e'"'[A,, (136) 

where [Ad-, Ac]n.a. stands for commutator of the nonabchan components. We can drop terms 
of the type Tr9'^ f{x)[Aa, Ai,]n.a. under the trace. Therefore 

[x^ Ae] - = e'''e''\diA, + [A,A,])(djA, + [Aj,A,]) - rt^^a.^^a.-A, 

= e'''e''^(diAadjA, + diAa[Aj,A,] 

+ [Ai, Ad]djAc + [Ai, Ad] [Aj, A^] - a^A^i^c) 
^ A0cd0ij _ ^e'^e'^iA, Ad][Aj, A,] (137) 

since 6'"6'*[Aj, AJ^jA^i = r*6'*[A, Al^jA under the trace. Furthermore, 

[F", Aa] = e''%A, = —O'^'idaA, - dhAa) (138) 



and therefore 



or 



hence 



[X^,Aa] = ~e^\daA,-d,A,) + e^'[A,,A,] 

= ~^e''\F,, + [Aa,A,]) (139) 



2^"''[X^ - [A^, Ac]^"^F"^ = -e'"^F^9''^F"-^ (140) 



1 



_ 1 ^aft^afe^cd^ii (^^^^^^ . ^ 2F,dFj, + 2F^[A, Aj]) ) (141) 
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where we used 

aabnabncdi 



Tre''b0->'0c^0^Jl2[A,Aa][A„A,] + [A, A,][A,, A,] 



= _Tre'^bQabQcdQ^, (^2A,[[A„ AlAa] - A,[[A,, A,], A,] - A,[[A, A,], A,]) = . 
Together with (|36|) , we obtain 
S = -Tr^F^^F"^ - 2F''''A,[Y', r''] + A,[Y^, 6''^^][y^ O'^^jA^ + 26''^*[A", A^]^ + Ssw,2 
= -Tr (^F^^F"^ - 2F''^A^[X\ 9"^] + AJ^X\ O [X^ d''^]Ad + 2e"*[yl", A^]^ + ^51^,2 • 
Replacing Y ^ X which is correct to 0(6*^), we obtain 

S = -Tr {f^^F"^ + 2y4c[X^ F'^'^j^^ + 2e''\X'', A^]F''^ + [X^ O ^^[X^ ^"l^d 



+ (FerfF,, + 2F,rfF,e + 2F,4A, A,]) - ^r^r^A^^'^^ ) . (142) 



Finally we use ( |11^ ) together with ( 140 ) which gives 



rr6'"^r^Ad[J^"^AJ = -Tr9^^0^^0'^[A,Aj]e"^F,d 



(143) 



and we obtain the gauge invariant action 

S = ~Tr {f^^F''^ - r^F'^^r'^Fed - 2r*F"'^^-^F'"= + ^e^^O^^O^'^e'^ {F^aFij + 2FidF,- J 
= -TrF^^F"^ + Snc (144) 
Needless to say that there should be a simpler way to obtain this. 



8 Appendix B: Newtonian metric 

We want to reproduce the metric (|^) in terms of hij (|7^). Fab is a function of (y°, y^,y'^, y^) 
with r^ab = (—1, 1, 1, 1) and has the form 



ab 



/ El E2 E3 \ 

—El S3 — -B2 

-F2 -S3 Si 

V -F3 B2 -Bi / 



(145) 
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We can assume that 6*"* = 6 



/ 1 \ 

10 

0-100 

\ -1 y 



which gives 



hab — 



( 



\ 



2E3 —B2 — E2 Bi -\- E\ \ 

— i?2 — E2 — By — El 

Bi + El —253 B2 — E2 

Bi — El B2 — E2 — 2£/3 J 



(146) 



and fir, 



ab 



e 



-2/ 



1, —1, —1, 1), SO that turns into the time t. Since we want the metric 
to be static i.e. time-independent and invariant under time reflections, we consider an 
electromagnetic field which is independent of y^, d^Fab = 0, and require 



Bi — El, B2 — E2. 



Then 



h„h — 29 ^ 



/ 


E3 


—E2 


El 





\ 




—E2 


-Bs 












El 





-E3 







\ 











—E3 


/ 



where as usual Ei and B^ can be written in the form 

Ei — doAi — diAg, Bi — Sij^ djA^ 
and the derivatives are w.r.t. y". The Bianci identities are 

diBi — 0, Sijk djEk — doBi = . 



(147) 



(148) 



(149) 



(150) 



Since we want to consider static configurations we have dsB^ — (recall t — y^), hence 

diBi + d2B2 = 0. (151) 

Now fix the gauge by setting A3 = (cf. axial gauge). Then 

Bi^-d^A2, B2^dsAi, Es^-dsAo, (152) 

which can be solved for arbitrary Bi, B2, E3 satisfying the Bianci identities by 

A2 = -ysBi{y^y\y')+A2iy\y\y'), 
Ai = y,B2{y',y\y') + Ai{y',y\y'), 

Ao = -ysE,{y\y\y') + Ao{y\y\y') (153) 
with arbitrary v4o,i,2(y°, y^, y^)- Then Ei,E2 can be computed as 



El = -diAo + doAi, 
E2 = -d2Ao + doA2, 



(154) 
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where the y^-dependent terms vanish due to the Bianci identity. 

The most general Bi satisfying (|151|) can be written as 

Bi = ^20, B2 = -di4> (155) 

for any given y^,y'^). Setting = doip and defining Aq = 0, Ai = 82^, A^ = —diip we 
get indeed Ei = Bi, E2 = B2 and 

S3 = diA2 - d2Ai = -Ai2f. (156) 

E3 is almost determined by the Bianci identity, which is solved by 

£;3 = 9o0 = aoV- (157) 

Now perform a change of variables y°'' = y"" + O^"' with = 2(0, 0, 0, 0), which gives 

/ -Es \ 

-Bs 

-fig 

\ -E3 / 

Assuming that OlB^) ^ O(9o0), this describes Newtonian gravity with gravitational po- 
tential given by 

Uiy',y\y^) = eE, = ed',ip (159) 

which is arbitrary since U is arbitrary. It can therefore describe an arbitrary static mass 
distribution p by solving the Poisson equation 

A(3)?7 = 47rG'/9, (160) 

which is expected to follow from the gravity action. For the vacuum p = 0, and E3 = B^ 
follows from A(3)(/? = (up to a constant), in agreement with general relativity. 



:i58) 



9 Appendix C 

One way to show (140|) is to note that 

(e A ey^''^ = {¥^e^^ - ¥^e^^ - &^e^') + {e^^e'^ - e^^e^ - e'^'e^^) (i6i) 

and to consider 

(r 1 A e-'),jki{o A er'^' = (r ^ a e-'y.J'w'^' 

= {d- 2)e^'e'^ = {d- 2)G"^V (162) 
where d = 4 is the dimension of space(time). On the other hand, 

(r^ A 9-'),,kii0 A ey^^' = {er^9''^){ei^e''') + 2{er^^ej^e''e^') = d{d - 2) (i63) 

which together implies (^0|). 
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